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TRODUCTION.,

In a closed and bounded domain G c ]R2 with a piecewise smooth bound-

> consider the linear elliptic boundary value problem

€L2® + L]® = h, & prescribed at 3G,

Ly = pGy)gg + aGny)gs — o,

is
2
formly elliptic 2nd order partial differential operator: the quadratic

depends on a small positive parameter ¢ and a real parameter u. L

associated with its principal part is positive everywhere in G. L1 is
st order partial differential operator which is allowed to have criti-
>ints in the interior of G, i.e. points at which the operator degener-—
to zero—th order. Our aim is to study the asymptotic behaviour for

of the solution ¢ of (1). We will restrict ourselves to problems in

existence and unicity of the solution is ensured by a maximum princi-
:£. [11]).

fost work on the singular perturbation problem (1) is done for an oper-
L] without singularities; e.g. ECKHAUS & DE JAGER [4] prove that then
ipproximated by the solution of the reduced equation (set € = 0 in (1))
> major part of the domain and that a simple boundary layer of width

is located along a part of the boundary. The characteristics of L1 and
irection in which they are traversed play a decisive role in the loca-
>f the boundary layer. These characteristics are the curves {(x(s,t),

1) l t constant}, directed in the sense of increasing s, where the trans
:ion (s,t) + (x,y) locally is a smooth diffeomorphism of the plane
transforms L] into —;% + g(s,t) while the quadratic form associated

-5 remains positive. At a point at which a characteristic enters the

1 the approximation takes the given boundary value and its evolution

i1s along the characteristic is governed by the reduced equation L]u =h.
» point at which the characteristic leaves, the value thus obtained

> be matched to the prescribed boundary value by a boundary layer term.

1lidity of such an approximation can be proved if neighbourhoods of

:teristics which are tangent to the boundary or have more than two




oints in common are excluded. When a part of the boundary coincides with

. characteristic, a parabolic boundary layer of width 0(V/e) is formed along
t, cf. [4] §4.2. GRASMAN [5] constructed an approximation which is valid
1so in a neighbourhood of a point at which a characteristic is tangent but
oes not enter. When a characteristic enters at a point where it is tangent
o the boundary, we can construct an approximation by regularization as

as proved in [6].

Singularities of L] make the problem much more complicated as was al-
eady pointed out by DE JAGER [9] and by the author [7]. We may expect that
hese singularities produce internal nonuniformities ("free boundary layers")
ince at such points the operator L1 degenerates to zero-th order, though
t will appear that this is not always the case. Here also the position of
ayers of nonuniformity depends of course on the direction in which the
haracteristics of LI are traversed. The approximation again takes the
oundary value at a point at which a characteristic of L] enters the do-
ain and its evolution along the characteristics is governed by the reduced
quation. At parts of the boundary where characteristics leave the domain
n (ordinary) boundary layer occurs. If characteristics end in a singular-
ty an internal nonuniformity is formed in a neighbourhood of that point.
haracteristics also can start at a singularity, in which case we do not
now a priori at what value the solution of the reduced equation has to
tart. Furthermore, characteristics having a large distance at entrance may
un very close to each other eventually; since the boundary values at en-
rance can differ considerably, we have to expect in this case too internal

onuniformities in which these differences are matched.

We will construct here (formal) first order approximations to the solu-
ion of (1), when G contains a single nondegenerate singularity of L], cf.
2.a; the validity of the approximation will be proved by the maximum prin-
iple, when u is larger than some bound, determined by the spectrum of EL2 +

L]. At special values of u below this bound the formal approximations ex-
ibit the phenomenon of '"resonance", as it was called among others in [14]
ad [15] for the analogous type of singular perturbation problems in ordi-
iry differential equations. In order to exclude additional difficulties

aused by the form of the boundary, we always assume that the characteris-—
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Figure 1.

Types of critical points; the curves
denote characteristics with their direct-
ion and the shading \\\\ the position of
the free and //// of the ordinary boundary

layers; the numbers refer to §2.a.




:s of Ll are nowhere tangent to the boundary (except in §7.c). After

te preliminaries on types of singularities of L] and on the maximum prin-
yle in §2, we treat the case L] has a saddle-point in §§3-4, a node in

»-6 and a vortex in §7. In §8 we.deal with cases in which G contains sev-
11 singularities of Ll and with the phenomenon of "resonance'" and in the
vendix 89 we derive a number of inequalities on special functions we need.
[ualitative summary of the results can be read from the figures (page 3,

;» 1) in which the domain G and some characteristics are drawn. The sha-
1igs /// and \\\ indicate the positions of the ordinary and the free boun-

'y layers respectively. The numbers and the + and - sign refer to the dif-

‘ent types of L] as displayed in §2.a.

PRELIMINARIES.

The singularities of the first order partial differential operator
i= p§§-+ qg; + r are connected with the singular points of the system

ordinary differential equations

dx _ dy _ .
ds p(x,¥y), ds q(x,y),

integral curves are the characteristics of L]. Let the origin be a non-—
enerate singular point of (1), i.e. p(0,0) = q(0,0) = 0 while the deter-
ant of the Jacobian matrix J of (1) does not vanish at the origin. The
e of the singularity is determined by J(0,0), for which we have the fol-

ing standard forms (cf. [8]):

1. saddle-point: J(0,0) = (é g) with A< 0,

2. nodes: a. J(0,0) = i(é ?),
b. J(0,0) = #(; ))  with 0<a <1,
c. J(0,0) = i(; ?),

3. vortices: a. J(0,0) = i(}k?) with X * 0,
b. 700,00 = (% 4).




STERNBERG proved in [12] that (1) can be transformed into a linear

ion by a smooth coordinate transformation, if the eigenvalues of

) are in the same open complex half plane which does not contain the

n and if one of the eigenvalues is not an integral (#1) multiple of

ther. Hence we may assume without loss of generality that J is con-
in the cases 2a, 2c, and 3a and in case 2b if X & WN\{1}. It is

, that in general (1) cannot be linearized by a sufficiently smooth

formation, if the singularity is of saddlepoint-type or is a vortex

pe 3b.

2 maximum principle will be the tool, by which we will prove the valid-
f the constructed approximations. Let L be a 2nd order uniformly el-

¢ operator on a bounded domain G, whose zero-th order part is nonposi-
and let the quadratic form associated with it be positive. The maxi-
rinciple may be formulated as follows: "If a twice continuously differ-
>le function ¢ attains a positive maximum in an interior point P of G,

La(P) < 0." (cf. [11] ch. 2, th.6). From this one easily derives

2.1. If ¢ and ¥ are twice continuously differentiable and if |&| < v

A\

boundary of G and |Leo| < -Lv in the interior of G, then also |@| < v

A\V]

intertor of G.

. ¥ 1is called a barrier function for o.

[kl

If ¢ — ¥ attains a positive maximum in the interior of G, then
) < 0 according to the maximum principle. This is in contradiction to
ssumption L$ > LY and so ¢ - ¥ does not attain a positive maximum in
iterior of G. Since ¢ - ¥ is negative at the boundary, we have ¢ < V¥

vhere in G. In the same way we prove —-¢ < v, []

vhen the zero-th order part of L is positive somewhere, then we can

the following generalization (cf. [11] ch. 2, th.10): "If there exists
itive function W such that LW < 0 in all of G and if L& > 0, then &/W
10t have a positive maximum in the interior of G.'" This results in the

1lization:

2.2. If L is an elliptic second order operator whose associated quad-

form is positive in the domain G and if there exists a positive func—




ton W such that LW < 0 on all of G, then every C2 function & which satis
ies |Lo| < -LW in the interior of G and |¢| < W at the boundary satisfie

lso |o] < w everyvhere in G.

. + . + . .
R00F. The functions U := -W £ & satisfy LU > 0. According to the maxim
cinciple U /W does not attain a positive maximum in the interior of G. S
1ey are nonpositive at the boundary by definition, they are nonpositive

serywhere and the theorem follows. [J
. notation. The entier of a real number o, denoted by la] is the largest
1iteger smaller than or equal to o.

2t f(x,e) and g(e) be real functions with x ¢ R" and € e IR, then we de
f(x,e) = 0(g(e)) for € + a

! there exists constants M > 0 and €0 > a such that [f(x,e)[ < M’g(e)f fe

1l e e (a,eO]; this equation holds uniformly for x ¢ G ¢ R™ if M and €0

in be chosen independent of x if X ¢ G. We define also the small o,

f(x,e) = 0(g(e)) for € ¢+ a by lim f(x,e)/g(e) = 0.
eva

real function f on a domain G ¢ R™ is called (of class) Ck for k=0,1,2
:c., if its k-th derivatives are continuous in G. It is called uniformly

Slder continuous with exponent o ¢ (0,1) or c* if

[£(x) - £(y)] = 0lx-yI%)  for y > x uniformly for x ¢ G.
a~lal

- is called C% with o > 0 if its [a]-th derivatives are C

le symbol (u)n is defined for complex o and nonnegative integer n by

(a)n := a(a+l) ... (a+n=1) = T'(a+n)/T(a).

‘equently we will use in estimates the function Ra’ defined by

) R () :=1 if 'ef <1 and R_() le]® if |e| > 1.

e boundary of a domain G is denoted by 3G.




We will denote consistently parts of the approximations to be constructed
by the following letters (perhaps with indices, tildes etc.):

u for parts of the outer expansion

v for parts of the free boundary layer terms

w for parts of the ordinary boundary layer terms.

3. AN EXAMPLE OF THE SADDLE-POINT CASE; PERTURBATION BY A.

We study the boundary value problem

- 9% _ 99 _
(1a) L€® = gAd + X 3y h(x,y)

on the square

2
G := {(x,y) ¢ R" | Ix] <1, |y| <1}
with boundary conditions
(1b) d(x,x1) := fi(x) and d(xl,y) := g+(iy) t g (zy).

The boundary functions are continuous at the cornerpoints, i.e.
(Ic) £,(1) = g (£1) + g (1) and £ (-1) = g (F1) - g_(¥1).

The degree of smoothness of fi, g,y and h will be determined later on; € is

a small positive parameter.

Our aim is to construct an asymptotic approximation for ¢ + 0 to the
solution ¢ of (la-c) which is uniform with respect to (x,y) ¢ G. This con-
struction is performed in a number of steps. First bounds for the solution
will be given and information will be drawn from it on the location of the
boundary layers. Then the outer expansion and the boundary layer terms will
be calculated in the homogeneous case (i.e. h = 0) and correctness of the

constructed approximation will be proved. Finally the inhomogeneous problem




s reduced to the homogeneous one.

. Bounds for the solution can be derived with aid of lemma 2.1. As a bar-

ier function we use the solution § of (cf. §9.a)
Pyt = -1, (x1//e) = 0;

t is bounded by 1 - log ¢ and has the asymptotic representation
2 x2
V(x/Ve) = -log |x| + 0(e/x°)  for =

s is proved in (9.5). If K, is the maximum of Ifil and [g+ + g | and K

s the maximum of |h|, then we conclude from

I@(x,y)[ < K., + sz(x//g) for all (x,y) € 3G

1

ad

ILE®(x,y)l = |h(x,y)]| = K, = LE(KI+K2w(x//E))

ith aid of lemma 2.1, that ¢(x,y) is bounded uniformly on G by K1 +
(Zw(x//g).

A better bound can be obtained for the function

b (x,y) o(x,y) — g, (xy) - xg_(xy)

- is zero at |x| 1 and because of the continuity conditions (lc) there

tists a constant K3 > K2 such that
|6 G, < Ryu(x/Ve) at 3G

1d such that

LGy | = [hGx,y) - L (g, (xy) + xg_(xy))] = Ky = LK p(x/Ve).

:nce by lemma 2.1




|o(x,y) - g+(xy) - xg_(xy)] < K3w(x//g) everywhere in G.

the C -function V satisfies Y(x1/Ve) = 0 we may conclude, that the
itives of & at x = *1 are bounded independent of ¢ and that no bound-

iyer is to be expected there (at least in a first order approximation).

> outer expansion u is, assuming h = 0, a solution of the equation of

irst order

ou Jdu

X " Yoy - O

1aracteristics are the family of hyperbolae
Xy = constant

ited with the direction of increasing |y|) and u is constant along
>f them. Since we did not expect a boundary layer at x = %1, u will

’y the boundary conditions there, i.e.

uo(x,y) = g, (xy) + T};—I- g_(xy).

>xpression in general does not satisfy the boundary conditions at y =
ind is not continuous at x = 0, which is the dividing line of the two
Les of characteristics originating at x = *1. Hence (ordinary) boundary
5 have to be located at y = £1 and an internal region of nonuniformity
ree boundary layer' at x = 0. Though (3a) will appear to be the cor-
>xpression for the lowest order term of the outer expansion (i.e. the
ximation outside the boundary layers), it does not have an expedient
since it is not continuous at x = 0. Later on we need this term to be
ass C3, hence we subtract a part that is not C3 and try to find a free
iry layer term which approximates this part outside the boundary layer.
fine

3

gi(x) = g_(x) - g_(0) - xg'(0) - %ngS(O) - %x g"' (0)




nd take

3b) u, (x,y) := g, (xy) + TET g

hich is of class C3 everywhere on G.

. The free boundary layer term v is

E/E. In these coordina

£,y) with x

L 2 IR
2
€ 8£2 & 9y oy

+
Y
(¢34

i

is, still assuming h 0, the solut

2
4a) <Ji— + gii-— 3\ v =0,

g
N ETY,

ith asymptotic behaviour

4b) v(x/Ve,y) = TET {g_(0) + xy

+ o(1) (e¥0).
y the substitution
5a) v(E,y) = vy(&) + yv,(E) +y
he equation (4a) together with the c
5b) Mv ::=v"4+¢&v' - kv =0,
ith the asymptotic condition

(k)

5¢) vk(x//g) ~ WET-ET g " (0).

he solutions, given in §9.b, are

local

‘orm

order

rates




L(© = 2 5890 Fe

L% e,
,©

(E ’Y) =
k

I o1

otes the minus-sign if k is even and the plus-sign if k is odd.

rdinary boundary layers u, + v is matched to the boundary condi-
e upper and lower boundaries. Since the construction in the lower
yer is exactly the same as in the upper ome, it will be assumed
term w. in the upper boundary layer also its counterpart ﬁi in
oundary layer is known. In the upper boundary layer we take the

inates (x,n) in order to match u, to the boundary condition f_

1
al coordinates (£,n) to match v to zero, where x = £/e and y =

coordinates (x,n) L8 takes the form
-1
€
to solve w](x,n) + ewz(x,n) + .... from the equations
rl(x,O) = f+(x) - uo(x,]) and 1lim wl(x,n) =0
n>o
52 3 ) _ (.8 _ %)
‘2+8/ ( "gn) "1

90X on

rl(x,O) =0 and 1lim w2(x,n) =0
n~)oo




[\]

his re in

6a) x,n) = exp(-n) {f (x) - ul(x,l)}
nd
Bu](x,l)

- - - 1 - —
6b) x,n) = -nexp(-n) {in(u (x,1) = £ (%)) + x———+
- xf (x) + u (x,1) - £,(x)}.

In oordinates (&,n) the operator L€ takes the form

—t — ]+ —= + £= - n—
€ 3n2 an/ ag2 9g on
nd we ve to solve z](g,n) + azz(a,n) from the equations
?
S B
7t9,) % =0
ith
£,0) = -v(¢,1) and lim z](E,n) =0
n—>0<7
nd
2 2
d (3 d 9 )
7 * 8n> 2y T T\ 2t T ") %o
€
ith
and lim zz(g,n) = 0.
oo
his re in
7a) g,n) = -v(g,1) exp(-M)
nd

1 (az ) % d d

['aat
©
~
1
o




13

2
-nexp(-n) {v(g,1) + Eavgé’l) ¢ 2 V(g’l) + inv(g, 1)} =

€
-nexp(-n) {v(g,1) + v](é) + 2v2(€) + 3V3(€) + inv(g,1)}.

zz(E,n)

the ordinary boundary layer solution is

w(x,n) = w (x,n) + ew,(x,n) + zl(X//E,n) + zz(X//E,n)-

proof of the validity, still assuming h = 0, of the first order approx-

on AO, consisting of the functions constructed in c-d-e,
1- ~ 1+
AO(x,y,e) 1= ul(x,y) + v(x/Ve,y) + W(X,—EX) + B(x,—2),

now be given with aid of the maximum principle.

e interior of G we have the following estimates:

Lgul = eAul = 0(e) uniformly in G;
a2
Lv =e—v =0(e) wuniformly in G,
€ 2
3y
» by (9.18-19a) the functions v, are 0(1) uniformly in G;
2 2
_ 9 S _ 9 a_ 9 _ 3 _
Lew = eaxz(w] + ewz) + e(xax nan)w2 + e(eaxz + X nan) zy =

0(e) uniformly in G,

'sily follows from the definition of Wi Wy and z, and from (9.18-20).

ie upper boundary (y=1) @ is exponentially small and
ul(x,l) + v(x/V/e, 1) + w(x,0) = f+(x),
yllows from the construction of these functions, hence

Ao(x,l,s) = f+(x) + 0(e).




4

it the right-hand boundary (x=1) we have with aid of (9.16)

u (1,y) + v(1/Ve,5) = g, () + g_(y) + 0(e)
ind from (lc) we see that in particular

£,(D = u (1,1) = v(1/Ve) = £.(1) - g (y) = g_(y) + 0(e) = 0(e),
juch that

w, (1, (1=y)/e) = 0(e)
nd analogously

ﬁl(l,(1+y)/€) = 0(e).

t the other parts of the boundary we have analogous estimates; hence at

he boundary of G we have the uniform estimate
10) AO(x,y,e) = o(x,y) + 0(e) for (x,y) € 36G.
ith aid of lemma 2.1 and the barrier function

K (1 + v(x/Ve))

n which the constant K is related to the constants in the order terms in

9a-c) and (10) we derive:

HEOREM 3.1. Let ¢ be the solution of the boundary value problem (1) with
= 0 and let the boundary value functions fi and g, be of class C3, then
is approximated by A uniformly in G,

0(e) for x 26 > 0,

o(x,y) = Aj(x,y,e) = 0(ey(x/Ve)) = {
0(e log €) for all (x,y) e G.

. When the 7nhomogeneous term h(x,y) in (la) is not zero, we construct a

anction BO9 bounded by KZ(I + U(x/Ve)), where K, equals the maximum of |nl,
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such that

LeBO = h + 0(e log €), uniformly on G.

’his reduces the problem to the case dealt with before.

The reduced equation Llu = h has solutions of the form
X y
‘11a) f h(e, =) Qti and (11b) —f h(EL,£) %5,

‘he first expression being in general discontinuous at the line x = 0 and
‘he latter at y = 0. To the same purpose as in §3.b where a part of the
voundary condition was subtracted in order to get a sufficiently smooth
)uter expansion, h is split into different parts. Define the difference

rxpressions

12a) (D h) (x,y) := (h(x,y)-h(0,y))/x and (Dyh)(x,y) := (h(x,y)-h(x,0)
. 2 2 2 .

Then h is C” the operators D and D commute; D h, D h and DXD h are contin-

1ous and equal the respectlve second derlvatlves at (O 0) and xz(Dzh)(x,y)

ind y (D h)(x,y) are C but xy(D D h)(x,y) is still C . Furthermore we have

'12b) h(x,y) = h(0,y) + X(th)(x,y).

. . . . 8 . e
ontinuation of this rule, when h is C, results in the splitting

12¢) h(x,y) =
j

Il 1

XJyJ(th(x) +yh, (x) + hg) + x4y4H (x,y)
0 j j j 4

. . t .
.n which the functions hj’ Hj and h? are defined by

h;(x) = (DJ+IDjh)(x,O),

- o~ (pitlyi

o = @ ol oy,
_ nind

Hj(x,y) = (DXDyh)(X,Y),

10 -

H.(0,0).
] ]




Clearly all parts of (12c¢) are of class C5 at least.

We substitute each part of expression (12¢) in (1l1a) or (11b)
to find a lower bound of integration such that the integral is of
Such a lower bound does not exist for hjxjyj, j=0,1,2 or 3 and for
>arts we have to take in account the behaviour of their responses

free boundary layer. For the remaining parts we find, if h is C8

x
(13) uz(x,y) 1= x4y4 J Ha(t,xyt_l)t—ldt +
x/| %
3 X y
k + -
+ ) (xy) {[ h, (t)dt - { (t)dt}.
k=0 o K 0 "

. . . 3 . . . s
[his expression is of class C~ everywhere in G, hence it satisfies

3
(14) (ed + LDuy = h(x,y) = ] hoxyS + 0(e).
k=0

. . . . . 4
Jutside the line x = 0 the function u, is much smoother; since x 'y

1, is C5 too for x # 0, so uz(il,y), which have to be subtracted f

>oundary values given at x = %1, satisfy the smoothness condition

oundary values of theorem 3.1.

1. The part v of the free boundary layer term due to the inhomogen

1 is a solution of the equation

2 3
‘15a) (Ji— + g-é - -é) v = z hoxkyk (x=g/E).
o0& =

igain we take

~ 3 k~
v(E,y) = ) ¥ Vk(g);
k=0

‘his results in the equations, cf. (5b),

, ~ 0 lk.k
"15b) Mka = hk e?vgr.

'rom the equations, (with integer p, 0 < p < k)




162) M (EPY) = =eP + (p-l)EPy + p(p=1EP T2y + 2peP 7yt
16b) M (EP0™) = =GetprDEPY' + p(p-1)eP™2y" = 2peP!,
16) M EP) = (pk)EP + p(p-1)EP T

.t can be inferred, that an exact solution of (15) consists of a suitabl
.inear combination of Ekw, Ek—lw', Ek_z, Ek_zw, ... ¥ and ¢¥'. Hence

, ~ 0
“16d) Vo = how

v, = mhOVE(E)
v, = —hge£2w+....

~ 0 3
vq = —h3€/€£ Ytaeeass

jyince the lower order terms in ;2 and 33 are of order 0(e) uniformly on
i (e.g. e%kgk']w' = 0(e) for k = 2 as follows from (9.6)) and since we
1ave the estimate (from (16), (9.6, 7 and 9))

1
Mkszkakw(g) = 0(e) uniformly on G for k = 2,

re may skip the lower order terms in ;2 and ;3. Clearly we have for ;, C(

itructed thus:

3 2~ 3
17) Lv= ) YkMkvk + eé—% = ) hg X
k=0 oy k=0

kyk + 0(e),

miformly on G; besides we have at the left- and right-hand boundaries
18) v(1/Ve,y) = 0(e),

ince ¥(1/Ve) = 0 and v'(1/Ve) = 0(/e), cf. (9.4).

'he function B(x,y,e) is now defined by

B(x,y,e) := uz(x,y) + ;(x//g,y).




. The result can be stated as

heorem 3.1 to the boundary val

Le=0

€
o(x,t1) = £ (x) - u,
o(tl,y) = g, (ty) t g

hen we may conclude from (14),

ion eK(y+1) and lemma 2.1,

HEOREM 3.2. The solution ¢ of

niform approximation for e + 0
d(x,y) = K(x,y,e) +

f £, and g, are ¢ and h 1 C8

. Remarks.

. Since ¥ is of order unity ou
approximations of ¢ in both
neighbourhood of the line x
tion that the approximation

form

s. If X(x,y,e) is the ar
blem

- v(x/V/e,t1),

_uz(il ,Y) b

and (18) with aid of the

undary value problem (1,

0Ce) <f x| =8
g) + {

0(e log €),

a fixed neighbourhood of
ms are of order (0(e) out
oreover it 1s clear from

n this region can be wri

X d
y) + [ h(e, ) &£
(x/|x])

X

x)-g+(X)-]—§§I g_(X)-f -

X (*
x)-g+(-x)—l-;[g_(-x)—J o/

iation of

.er func-

has the

'y, the
. fixed
onstruc—

n the
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This agrees with the result obtained in [4] theorem VII.

2. Higher order approximations can be obtained for this special problem by
iteration, if the parameters of the problem are sufficiently many times
differentiable. The process however becomes prohibitively laborious: for
a second order approximation the expansion of h in (12) has to be pur-

sued up to 0(x12y12).

3. If hg # 0, the solution ¢ tends to infinity at the line x = 0, when ¢

tends to zero, due to the singularity of L].

4. THE SADDLE-POINT CASE; PERTURBATION BY AN ELLIPTIC OPERATOR.

In this section we generalize the results of §3 to the Dirichlet prob-
lem for the operator L€ := ELZ + Ll on a bounded domain G, where L2 is uni-
formly elliptic and L1 has a single singularity of saddle-point type. We
did succeed in determining the free boundary layer terms in the first ap-

proximation only if we assume that L] takes the form
(1a) L1 = X— - Ay— - u with A <0 and u > -1, u constant.

i.e. the coefficients of gi and g; are liZnear in x and y; we have to as-

sume also that the coefficient a(x,y) in L2,

a2 82 2 9
(1b) L, := a— + 2b—— + c— + lower order terms, a > 0 and b“ < ac,
2 2 90Xy 2
90X oy
satisfies a(0,y) is constant; by a rescaling of ¢ we may take a(0,y) = 1.

[f these assumptions about the coefficients are not made the separation of

variables in the equation of the free boundary layer, cf. (3.4a - 5), is not
>ossible and we are not able to calculate the free boundary layer terms ex-
blicitly. Positivity and ellipticity of L2 are ensured by a > 0 and b2 < ac.
Since the lower order parts of L2 do not add any new difficulty we will skip
them in the sequel. We have to take u > -1; for smaller values of u we can-
10t prove the validity of the constructed approximation by the maximum prin-

:iple, since barrier functions do not exist when u < 1.




t. The problem now is to find an asymptotic approximation to the solution

of the Dirichlet-problem

5 3 _
2a) LEQ = (eL2 + X Ayay o =h

m the unit-square

G=1{(x,y) ¢ R | |x| <1, |y| <1}

rith boundary conditions

2b) b(x,1) f,(x) and o(£l,y) := g (y) £ g_(y),

hich are continuous at the cornerpoints (cf. 3.lc); furthermore f,, g,
nd h are sufficiently smooth. For convenience the splitting of the bound-
ry conditions at x = %l into a symmetric and an antisymmetric part is
hosen somewhat differently from (3.1b).

As in §3 a free boundary layer has to be located along the line x = 0

ind ordinary boundary layers along the lines v = #l, the construction is

jot essentially different but the amount of calculations is increased.

EMARK. The construction can be generalized easily for a domain G*, whose
oundary can be parametrized by four curves, (a+,t), (a_,t), (t,B+) and

t,8_), in which a, and Bi are sufficiently smooth functions, satisfying

3a) a+(t) >0 > a_(t) and 8+(t) >0 > B _(t)
3b) iktu;(t) > ¢ai(t) and itB;(t) > FB(t) (non-tangency condition)
3c) in the j—th quadrant there is one point (Xj’yj) at which two

curves meet.

n order to make formulae not more complicated than necessary, we will in-
icate in some remarks how this generalization works. By the conditions (3)
he tangent to 3G jumps at the corner points (Xj’yj)° If the boundary is

mooth and hence is tangent somewhere to a characteristic, we have to add
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he local analysis of GRASMAN [5] in a neighbourhood of that point.

. The outer expansion is a solution of the equation
Liu=h, u(l,y) =g () *g(y),

. s A .
'hose characteristics are the curves ]x| y = constant. It is solved for

:# 0 by

4) uy(xey) =[xl e, ([x1*y) + x[x" e (|x|*y) +
X
Ay X U dt
+ hit,ySHSDA" &
J(X/IX]) t t t

f u > 3 this is of class C3 at x = 0 and no free boundary layer terms ap-
ear in a first order approximation; if u < 3, a suitable decomposition of 8,
nd h has to be made. Define Dx and Dy as in (3.12a). Let T be the set of

airs of integers

1x+y and k < [4-p]}

1 :=1{(,1) | 1=0,1,20r3, ke N u {0}, k
nd define the constants h? by

0 1
ho = (DXkUyh)(O,O) if (k,1) ¢ T and h) := 0 othervise.

* %
lefining furthermore, if h is sufficiently smooth, i.e. h € ¢t s

=

h;(x) = (05 ka h) (x,0) with m = Ckx+p] + 1,
h, (y) = (Dk an h) (0 with n, := max{0,[ (k-u)/1]+1}
ky x 'y (’Y) k ’ / s
% * % * % *
h (x,y) := X v (DZ Dg h)(x,y) with m := max{0,[4-ul} and
n’ oi= n s

re get the splitting




X

-1 m m -1
n - _
k, +
z Xy hk(x) + Z
k=0 k=0

(5) h(x,y) =

* *
When h is CP then h™ is Cp—max{n ;m 11+l

least as smooth. We now define the part u,

n -1 1 —k)\-
(6) uz(x,y) := Z kayk { tmk
k=0 0

Ly e
+ h (t,yx t
(x/|x])

If h ¢ C3 n CP with p = m+n” it is easily

: , _ 0.k

u, is a solution of L]u2 = h Z(k,l)elhlx

(7) Lsu2 = h - ) h(l)xky1 + 0(e
(k,1)el

Jutside the line x = 0 the function u, is
not be zero at the boundary of G we have t
the given boundary value; in view of expan
*
to be of class C®* n C39 so h has to be of
* * * * *

p := max{3,n +2,2n -1,m +2,m +n }. When I
~ . _ 0k 1 .

7 of a solution LEV = Z(k,l)eI hlx vy~ migh
This approximation is a part of the free b

structed in the next subsection and it has
~ - 2

(8) v (x/Ve,y) = y(x,y) + 0(e/x")

Define Gi by

G, (y) := g, (y) + %{uz(l,y) + vy (

i(y) +

z hgxky1 + h*(x,y).
(k,D)el

e other terms of (5) are at

e outer expansion by

xt)dt +

-1
hk(yt)dt +

g,

that u, is C3, furthermore

nce it satisifes
iformly in G.

oth as h™ is. Since u, needs
ract its value at 3G from
9a) uz(il,y) is required

cP with

empty, the approximation
onzero at the boundary too.
y layer expansion to be con-

symptotic behaviour, cf. (15),

+ 0).

uz(-l,y) t y(=1,y)},




.t then remains to find a splitting of the solution of
L]u =0, u(zl,y) = G+(y) t G_(y)

nto a part which is C3 and a part which is the asymptotic form of

f the free boundary layer expansion. So we expand Gi,

*
n -1 . .
. + + .
9a) 6,() = ] &y + iy, g =c w0/,
j=0 ] ]
*

nd GI is O(yn ) for y - 0. Finally we define as in (3.3b)

9b) ul(x,y) 1= |x|uGi(|x|Xy) + xlx|u_]Gi(|xlAy).

thich 1is C3 if g, are C3 n C[(3_U)/A]+]; hence u, satisfies

9¢) Lu, =0() and u(tl,y) = G (y) £ G ().

EMARK. In case of domain G we change the lower bound TEEF (= 1) i

ntegrals by ai(y) and we define o, as the inverse functions of

+
"= ylai(y)lx. If pi(y) are the boundary values given at the part
oundary parametrized by (ai(y),y), then
o+(xxy) if x
u(x,y) := (x/a (t))Mp (v) with t(x,y) { X
* * o (|x]%y) if x

olves L]u = 0 together with the boundary conditions at (ai(y),y).

‘unctions Gt now are defined by

G, (y) % G_(y) := {(x/a, (1) (P (1) + (uy*v) (o, (1), T},
c. In the free boundary layer we take the local coordinates (&,y)
= x/V/e. The lowest order part PO of L8 in these coordinates is
2
3 o 3
PO .—--E;?+£a—g—>\ya—}-7—u.

le now have to solve
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(11a) Pv =0,

where v(£,y) 1s determined by its asymptotic behaviour for § -+ o,

T Toe o x - kK 2
(11b) v(x/Ve,y) = |x] ) (gk + T;T-gk)lxl v+ 0(e/x7).
k=0

Because of the assumption a(0,y) = | on the coefficient of Bz/axz in L2 the
operator PO admits separation of variables as in (3.5ab) and (3.15ab). With

aid of (9.10) and (9.16) we find as in (3.5d)

*
n -1
Z E%kk+%uyk { +_+

(110) vey) = 1 8Pl (8) + 8 Fp ., (D))

Since a(x,y)-1 = 0(x) = 0(£/e), we see with aid of the estimates (9.19) and

+ ] . .
(9.20) on Fa and their derivatives:

82 - 82 32
(12) (LE—P)V = {(a—l)-——z + 2/8% + é‘,C:“—Z}V =
9& ay
.‘.+lu l+lu ]+lu
- 2t2 2t3 2 -
= 0T R (2) + TR (@) + e THR (2)) =
{O(E) if u > 1
= 141
0(52+2URU_](£)) if -1 << 1.

vhen I is not empty we have to consider also the equation

(13a) Py = ) h?xkyl, (x = £/e),

Ok, Dyer
vith asymptotic behaviour (8b), ;(x//g,y) = y(x,y) + O(ex-z). To v we can
add any solution of the homogeneous equation (lla), but this changes G, and
rence also condition (11b) in such a way that the sum v + v is not affected.
S3ince however all terms of the asymptotic expansion are estimated separately
ve add the condition that outside the free boundary layer v is of the same

>rder of magnitude as v + v is, i.e. that vy(x,y) is of order unity.

We get a particular solution of (13a) inserting v(¢,y) = Z(k 0 Iy1$k(g).
€
[he equation then separates as in (3.15b) in ’
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e g with (1,k) e I.
lutions are given in (3.16d),
~ -1k k . -4 .
G (8) = e @) iF k£ T and v (8) = € F(EN(E) + BT (D).
LE-PO still contains derivatives with respect to £ we cannot obtain

d a remainder of (Le_PO); as in (3.17). In fact we find from (3.16a-c)

'.6-8) the estimates

0(/eR_ (x/Ve)) if k =0,
(L =P )y"V, (x//E) = 4 0Ceu(x/ Vo)) iF k=1,

LO(&) if k = 2,3.

9.4-5) we derive

;(x//g,y) = hgxkyllog X + O(s/xz), hence
(k,1)el
0Ok 1
vy(x,y) = 2 hlx v log x.
(k,1)el

~ oo
. to be remarked that v and v are C —functions in both variables since
re finite sums of products of nonnegative integral powers of y and &

i and with confluent hypergeometric functions.

ordinary boundary layers, located along the upper and lower boundaries,
'e to match up tu, v v to the boundary condition f£,; for this we

‘he local coordinates (x,n) with n = (lI-y)/e in the upper and n = (y+1)/«
» lower boundary layer. We assume again that every term w, constructed

» upper boundary layer has a counterpart W in the lower one, constructed

: same way.

n the upper boundary layer we have to solve (approximately)

st(x,n) =0




vith boundary conditions

(16b) w(x,0) = E+(x,x//g) and 1lim w(x,n) = 0.

n-=>

vhere E+ is defined by
(16¢) E,(6,8) 1= £,00 - u (61D = u,(x,1) = v(E,1) - v(E, 1),

. 1 . . .
3ince a C -function Q(x,y) of two parameters satisfies

(2

3 4
PRSI R - CEOP

X=y

7e can deal with the parameters x and £ = x/Ye, on which the boundary con-

lition for w(x,0) depends, as if they were independent variables, when we
9 . . d 1 2
ceplace 5x 1 the expression for LE by % + Ve Se

1 in the coefficients of LE and expand these coefficients into powers of €,

If we also substitute

7e get
, _ 1 1
17) Lo=—Nyg+ o= N+ N, + /EN3 + Ny,
ln which
2
-7 9 _ 439
NO =g 5 Aan,
on
2
3 3
Nl = (Zbo aga Xa-é)s
2 2 2
o~ D ~ 3 ~ 0 d 5
N2 T nCl * aO 2 * 2bO 9X9n * Xax * Anén Hs
an &
2
N = 2nb 0
3 1 9gdn
2 2 2 2 2
2~ 3 ~ 3 ~ -~ 3 ~ o~
N :=n"c + na, ——= + a— + 2n/eb + 2n(b,+nb, ) ;
4 2 3n 1 8&2 8x2 2 3&E3n 1 273%9n

he coefficients and their expansions are defined by
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. ~ ~ 2 2~
1(x,en) := c(x,l-en)-2b(x,1-en)+a(x,l-en) = co(x)+€nc](x)+€ n cz(x,en),

v ~ ~ 2 2~
»(x,en) 2a(x,1-en)-2b(x,1-en) = bO(X)+snb](X)+€ nzbz(x,en),

;(x,en) := a(x,l-en) = ao(x)+enal(x,en).
.o . . . . 2
\ necessary condition for this expansion is that the coefficients of L2 are C

3 ik . -
Le=0 € wk(x,E,n) (with & = x/Ve)
ind solve successively for k=0,1,2 and 3, treating formally the parameters

Now we set w(x,n) =
; and x as independent ones,

(18a) Nowk

= - Z N, .w.
7ith boundary conditions at n = 0

wo(x,g,O) = §+(x,€) and wk(x,S,O) =0 for k=1,2,3
ind for large n (i.e. outside the boundary layer)

lim w(x,&,n) = 0 for k=0,1,2,3.

N

Jy this we get the remainder

3, 3 4
3k 1+31

(18b) L) e?w = ) e % ) Now. .

k=0 K 120 =141 K LTRHA
‘rom (18a) we find
( = F — ~
(18c) wo(x,g,n) £, (x,8) expf An/co(x)}
ind the calculation of the other Wy which all contain the same exponential
factor as Vo does, is straightforward, cf. [4] §3.4. A necessary condition

in order that the iteration (18a) makes sense is that the functions w, are

k
sufficiently smooth. The coefficients of Nk for k=0,1,2,3 and f are C~ with

cespect to & and n and so do the solutions w, of (18a). When the coeffici-

k
:nts of L2 are C3, the coefficients of NO and N1 are C3 with respect to x




aind those of N2 and N3 are C2; furthermore f and its £-derivatives are C
7ith respect to x. Since N contains only a first x-derivative and N s N1
and N do not contain any x—derlvatlve, it follows from (18a) that Vs Wy
and thelr £- and n-derivatives are C in x and w, and w, are C , SO (18b)

2 3
ils continuous in all its variables. It satisfies the estimate

3 " 0(e) + 0(ew(x/Ve)) when 1 = 0,
(19a) L ) €? W = { 141
= 0Ce) + 0(e 2URM(X//E)) otherwise.

[n order to prove this formula, we first estimate the part NAWO of it. From

(16c), (12e¢), (13b), (9.9) and (9.18) we find:

IO(I) + 0(p(x/Ve)), when p = 0 for € + O,

E(Xag) = 1
10(1) + O(E;URU(X//E)), otherwise for ¢ + O,

3y (9.19-20) and (9.8) we find that all £-derivatives of f and its first,
second and third x-derivatives are of the same order at worst. All deriva-
tives of the exponential factor of v (cf. 18c), that occur in N4w0, are
>ounded by a constant uniformly in (x,n) e [-1,1] x [0,®). Although the co-

. . 2 . .
sfficients of N, are of order n~, the exponential factor in W, ensures

axistence of a gound for NAWO’ which is uniform in n € [0,®). So NAWO is
>f the same order as f is. In exactly the same way we show that all other
terms of (19) are of this order too; hence (19a) is proved.

Finally we show that this local first order approximation w in the up-
ser boundary layer is small at the other parts of the boundary. From (16c)
and the continuity of the boundary conditioms, cf. (2b), at the cornerpoints
ve find that £ _(x1,:1//€) = £ _(x1) - g (1) # g_(1) + 0(c) = 0(e), hence
from (18c) we see that wo(il,il//g,(l~y)/e) = (J(e). By equation (18a) with
< = 1 we see that A contains the factor 8f+/8£ linearly and that the re-
naining part is uniformly bounded for all e. By (9.8) and (9.19-20) we see
that each term of v + v, which is itself of order O(s26 6) for |g] > 1 and
for some §, has a &-derivative of order O(e26 6= ]) for {E! > 1 and hence of
sorder 0(Ve) at £ = +1//e. So 8f+/8£ (= ov/3E + 8573&) is of order 0(V/e) at

£ = +1//¢c and hence wl(i],il//g,(l—y)/s) too. Since furthermore w, and Wq

2
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ire bounded at x = *1 independent of ¢ and y, we have derived:
'19b) w(xl,(1-y)/e) = 0(¢) uniformly in y, for € + O.

'rom the exponential factor in w we see furthermore that w is of an order

maller than every positive power of € at the lower boundary,
“19¢) w(x,2/e) = O(En) for every n ¢ N.

EMARK. In case of domain G* we take the boundary layer coordinates (x,n)

7ith n = (8+(x)—y)/e in the upper and n = (B_(x)+y)/e in the lower boundary

.ayer.

s, The validity of the formal approximation ¥, which is the sum of the outer
s;xpansion and the free and ordinary boundary layer terms constructed in the

subsection b-c-d,

'20) ¥(x,y) := ul(x,y) + uz(x,y) + v(x//g,y) + G(x//g,y) +

+ w(x,(1-y)/e) + W(x,(1+y)/e),

7ill be proved by the maximum principle (cf. section 2.b). This approxima-

:ion satisfies, cf. (7), (9¢), (12), (14) and (19a),

LEW = h + 0(e) + O(e%+%uRu_1(x//E)) +

< + 0(ev(x/Ve)) if A + u is integral}, (e+0),
/
miformly with respect to (x,y) € G; at the boundary of G it satisfies

Y(x,+1)

fi(x) + o(en) for every n ¢ W, cf. (18a) and (19¢c),

v(2l,y) =g, (y) £ g_(y) + 0(e), cf. (9c), (11b) and (19b).

then ¢ is the solution of the boundary value problem (2), these formulae

result in the uniform estimates, valid for ¢ + O,
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.1 or 2.2 and a suitable barrier func-
on the difference of the solution ¢
When p =2 1 we apply lemma 2.1 using

nonintegral, and C]e + Czaw(x//g), if
are suitably chosen constants. Wheq

nd 0O(e) in (21a) are contained in the

€) = 0(/er _ (x/Ve)) if |x| <1,

v < u. Hence, when 0 < u < | we can

s e%+%UF:_](x//E) as barrier function;
nction indeed majorizes the O-term of
a 2.2 with barrier function Ce%+%UF:(x//E)
ves the additional negativity condition,
a (9.18a) this barrier functionmajorizes

=1 < v <y £ 0. We now can state the

1),

der operator on G with ¢’ coefficients,
y2 + lower order terms, with a(0,y) = 1,
value problem on G:

s A >0, e >0, u>-1,

y) t g _(y),® continuous at (x1,%1),
YL d h e CP with
G=p1=p) /AT+1,06-ul,[5-pul+l (Td=ul-u) /211,




¥ 7s the formal approximation of o, defined in (20),
then ¥ 1s an asymptotic approximation of ¢ for e ¥+ 0 which <

ralid in G of order

23a) 5 -y = 0(e) 2f u > 1 and A + u nonintegral
0Ce), x| = x, > 0,
23b) 6 - ¥ = 0(ew(x/VE)) = { } if uz
0(e log e), otherwise,
. 11 0(e),|x| 2 x, >0,
23¢) o -y = 0(€%+§uR _l(x//g)) = { 1,1 0 } 7]
" 0(e2" ¥y, otherwise,

>x, >0

O(E%(1+u-v)) x| .

23d) 5 -y 0(6% 2 Rv(x//Z)) = {

0(e? 2“), otherwise,

1 if |t]

IN

1
as defined in (2

[n here R satisfies R (t) = {
v v i

v

£V if ||
sstimate (23d) we can still choose the parameter v freely wi
straint =1 < v < p3 the smaller we choose v, the better the
>ecomes.

The size of the remainder in (23) increases as u decrea
nainder in the free boundary layer becomes of order unity wh
o -1 and no estimate is obtained when p = ~1. This indicate
zion u < -1 is beyond reach of the method of proving the val
in which the absolute error is estimated. Estimates of the r
1owever might be expected to have a larger u-range, for VY is
)(EZUR (x/Y€)) and hence by (23) the relatlve error is 0(/e)
J 1n31de the free boundary layer and 0(e* 2 (1+u- V)) outside fo
v e (=1,u) n [u=-1,u). This conjecture however is false; in t
tion we will show that the boundary value problem (2) has (n
functions in the range u < -1 and that hence barrier functio

the conditions of lemma 2.2 do not exist in this case.
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. The spectrum o, of the boundary value problem (2) is the set of complex

wmbers u, for which the homogeneous boundary value problem (2), i.e. £, =
=g, =h-= 0, has a nontrivial solution. (Since the inverse operator is
rompact for every & > 0, every point of the spectrum is an eigenvalue.) We
7111 study here the spectrum of the operator TE, defined on the space B of
fz—functions on G which are zero at 3G,

24) TEu = gAu + xgg - g% with u € B.

’he eigenfunction equation Tau = WU, U0 = 0 is reduced by u(x,y,e) =
7

= X(x,e)Y(y,e)exp(yZ/Zs) to

SEX := eX" + xX' = UIX, X(xl,e) = 0,

ey" o+ yY' = Y, Y(i'],E) =0,

SEY My
rith p = My oty 1. Sg is a selfadjoint operator on the space of func-
:ions f on (-1,1), which have an absolutely continuous first derivative,
thich satisfy £(-1) = £(1) = 0 and have the norm R fll [f(t)lzexp(tz/ZE)d
j0 its spectrum O(SE) is real.

Since SE is invariant under the operation x = -x, its eigenfunctions

ire symmetric or antisymmetric; the eigenfunctions are solutions of
25) eX" + xX' - XX = 0,

lence X equals ]Fl(—ék;%;—xz/Ze) or x]Fl(%—%A;B/Z;—xz/Ze). The first solu-
:ion has no zero's in the range 0 < x < =, when A» > -1, and k zero's, when
-1-2k < ) < 1-2k; when A tends to -1-2k from below, the largest zero is sent
‘0 infinity. Hence the equation lFl(—%K;%;—l/Ze) = 0 has exactly one solu-
:ion, AZk_](e), in the A-interval -1-2k < X < 1-2k and %ig AZk_I(e) = =2k-1.
‘n the same way the equation ]Fl(%—%A;B/Z;—l/ZE) = 0 has exactly one solu-
:ion AZk(e) in the interval -2-2k < A < =2k, which satisfies lim A2k(e) =

: -=2k. Hence O(SE) = {Ak(e) 1 k ¢ N} and 338 kk(e) = -k. ev0

The statement on the zero's of the solutions of (25), cf. 9.10, are

yroved exploiting the relations (9.16-17) and the fact that F;(t) and F;(t)
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are solutions of the 2nd order ordinary differential equation (9.10), which

. . + . .
is analytic in t and A; hence Fk(t) are meromorphic functions of A and t by

definition (9.15) with poles for A = -1,-3 etc. and X = -2,-4 etc. respec—
. . . . . + .
tively. Furthermore their zero's are simple and interlace. Since FA and 1its
. . ' + . .
derivative do not have a common zero, we can solve Fx(t) = 0 resulting in

an at most denumerable set of zero's tk(A), which are themselves meromor-
phic in A, which do not cross each other and do not have finite accumula-

tion-points (for fixed A). When X is restricted to a compact subset A of an

interval (-1-2k,1-2k), k ¢ NN, F; satisfies uniformly F;(t) = [t[k(]+0(t—2)),
so the union of the ranges of all tk(k) with A ¢ A is compact. Hence F; has

only a finite number of zero's on A and all these zero's are bounded analy-

tic functions on some neighbourhood of A. Since they cannot vanish or co-

+ .
alesce, the number of zero's of FA is constant for 1-2k > X > -1-2k, k ¢ N
or A > -1. A zero can disappear at infinity only, when A tends to 1-2k for

some k ¢ IN. For the same reason the number of zero's of F, is constant,

A
when A > -2 or =2k > X > =2k-2 (kelN).

+

From (9.12) we see that F. does not have zero's, when -1 < X < 0, and

that F; has a zero at t =0 oniy for 0 > A > -2, Since F; has at least one
extremum in (0,») for 0 > A > =2, by (17) F; has at least one zero in (0,x)
for =1 > A > -3. When -1 > A > =2, F. has no zero's in (0,), hence F; can-
not have more than one, for the zero's of F; and F; interlace. So F; has ex-
actly one zero in (0,») in the larger A-range -1 > X > -3 also. Now F; has
at least one extremum in (0,») for -1 > A > -3 and we can continue the story
ad infinitum proving the assertion on the number of zero's. When X = 1-2k

(ke IN) exp(—t2/2)lFl(—%A,é,—tz/Z) equals - apart from a constant factor -
the (2k-2)-th Hermite-polynomial which has k - 1 positive zero's, so the

largest positive zero of F C%k,%,—%tz) with -2k-1 < A < 1-2k is sent to
P 1

infinity when X tends to i - 2k from below, while the other converge to
the zero's of the Hermite-polynomial and remain bounded.

The spectrum of TE is the set {u(e) | u(e) = Ak(e) + Am(e) + 13 k,me IN}.
Its largest element tends to -1 (from below), when € + O. To this largest

eigenvalue, ZAI(E) + 1, belongs the eigenfunction

2 2 2
E](x,y,e) := exp(y /ZE)IFI(-%XI(E);%;-X /ZE)IF](‘%KI(E);%;"Y /2¢),
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vhich is nonnegative on G; hence
(T_-WE; = (23,(e) +1 = WE,,

shich is nonnegative on G if u < -1 and ¢ sufficiently small. When a bar-
rier function W would exist, which satisfies W > 0 and (TE—u)w > 0 on all of
5 for all sufficiently small € > 0 and u < -1, this contradicts the gener-
1lized maximumprinciple, cf. §2.b, for by this principle E1 cannot have a
>ositive maximum.

In this section we have constructed an approximation to the inverse
yperator (TE—A)—-1 for A > -1. Since this inverse operator is meromorphic
in A and has poles for A ¢ O(TE), while the constructed approximation does
10ot, this approximation cannot be valid near these poles. It remains an
>pen problem whether we can indicate subspaces of the range of Ts in which
che construction remains valid. By comparison theorems we can prove that

he largest element of the spectrum of €L2 + xra - Ayé% tends to -1 also,

0x
vhen ¢ + 0, cf. [16].

3. In the general situation, where L] has such a saddlepoint-singularity at
:he origin that it cannot be reduced to the form of (la), we can do much
less than before. Namely we cannot calculate explicitly the approximation

in the free boundary layer.

What we can prove is that in a part of the domain, which has a nonzero
listance to the free boundary layer independent of e, the outer expansion
:ogether with the matching terms in the ordinary boundary layer approximates
‘he solution to the same order as ¢ approximates ¥ in (23) outside the free
oundary layer. In order to prove this we first estimate the solution on
:he whole domain by some suitable barrier function (as used before). Then
ve locate an artificial boundary roughly half-way between the chosen sub-
lomain and the free boundary layer, which is C3 and C3—connected to 96.

\t this artificial boundary we pose some arbitrary C3 boundary condition
thich is C3—connected to the condition at 3G and which is bounded by the
:stimates on the solution. Finally we calculate the outer expansion and

:he ordinary boundary layer terms as is done here and e.g. in [4] and prove

ralidity by the barrier function used before. The influence of the
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>art of the boundary layer term, that originates at the artificial bound-
iry, is exponentially small in the originally chosen subdomain, independent
>f the boundary condition chosen at that part of the boundary; hence it
:an be skipped in the approximation of the solution without change in order
>f the remainder. ‘

About the behaviour in the free boundary layer we can say little. When
Ll has the form L] 1= xp(x,y)éi-kyq(x,y)é% - uwith A > 0, u > 0 and
»(0,0) = q(0,0) = 1, we conjecture that the solution of L]u = h, u(zxl,y) =
= g,(y) is of order 0(x") for x > 0 and of Holder-class WO (with respect
o x) for every § > 0. Then we can regularize (cf. [6]) u, i.e. convoluate
it with some suitable e-dependent C”-function which approximates the Dirac-
S-measure when € + 0. The resulting function, together with its matching
terms to the given boundary condition in the ordinary boundary layers, ap-—
>roximates both the solution of the boundary value problem as well as the
>uter expansion plus its matching terms in the ordinary boundary layers.
The order of approximation is O(e%u—%é). Assuming the truth of the conjec-
ture mentioned above, we can prove this by the same method as is used in

47,

5. CHARACTERISTICS OF STABLE NODAL TYPE

In this section we study the Dirichlet-problem for the operator
LE i= €L2 + L] on a bounded domain G where L2 is a uniformly elliptic 2nd

>rder operator of positive type. L, is a first order operator with one

1
singularity in the interior of G which is a non-degenerate node and we may

take for it (cf. §2.a)
D m— a __8 — * L E—] 8 _8 —
L} =R + kyay u or L1 all S + (X+y)8y u

#ith A > 0 and u > 0; also we may take X < 1. The boundary of G is smooth
and nowhere tangent to the characteristics of Ll' We start with the simplest
oroblem exhibiting these features and then try to generalize the results
dbtained.

In this section we will use both rectangular and polar coordinates




and (r,9) to describe the points of the domain. They are related by
= (r cos ¢, r sin ¢) and we will change from one set to the other

it further notice.

. G be the unit disk in IR2, L, := A and L] = x-a + yé%. We try to

2
:imate for € ¥+ 0 the solution & of

L€® := EL2® + L1® =0, ®(cos ¢, sin ¢) = f£(¢)

f is of class C2 in ¢.

'he characteristics of L1 are straight lines pointing to the origin,
which the solution u of the reduced equation L]u = 0 is constant. We
.at u cannot satisfy the boundary conditions and also be continuous at
'igin. It appears that we have to take u(r cos ¢, r sin ¢) = f(¢) and

. region of nonuniformity arises around the origin. In fact we will

o(r cos ¢, r sin ¢) = £(¢) + O(er—z).
he barrier function Ker - we estimate ® — f on the annulus 2Ve <r <1.
he maximum principleit follows that ¢ is bounded by max!f(¢)|; fur-

re we have

Ler_2 = —2r—2(1—25r_2) < -r for r > 2/e.
we can choose K such that
I - 2
& - f| < Ker for r = 1 and r = 2/¢

ch that

L Ksr—2 < L (» -f) = er_zf" < =L Ker—z,
€ e € £

hich (2) follows using the maximum principle again.

o we may conclude that there is no loss of boundary conditions at all;




lue to the focussing effect of L1 the value at the boundary is propagate
rearly unmodified to the origin along the rays of the circle and it is
-here that all difficulties crop up. If we try to find a solution near t
>rigin by usual boundary layer techniques and we take the '"natural" coor
linate stretching o = r//e (thé only significant one in the sense of
ICKHAUS [3]), we find that this stretching does not produce an equation
simpler type nor simplified boundary conditions.

By separation of variables in polarcoordinates we can find the exac
solution expressed as the infinite sum S of confluent hypergeometric fun

:ions, cf. §9.d and exponentials

(e e}

. k| ik 2
(3) s,(£30,0) 1= 1 a g0 KletX B (il 5]kl +15-40D)
0 Wl KK 1°1
shere o := r/Ve, fk are the fourier coefficients of f,
27 .
_ 1 -1k
fk =5 { f)e de

0

ind a, are normalizing factors

-1, k]

o i

1F1(§|k1;|k[+l;—]/2€).

Jlearly S, converges absolutely and uniformly in each disc. The central

0
region of nonuniformity has a very complex structure, for each term of t

fourier—expansion the behaviour in the "free boundary layer" is differen

REMARK. If G is a more general domain with smooth (Cz) boundary which is
vhere tangent to the characteristics and &(r cos ¢, r sin ¢) = £(¢) at t

>oundary, then it is easily seen that (2) remains valid and that we have
(4) d(r cos ¢, r sin ¢) = SO(f;r//E,¢) + 0(e)

miformly on G.

5. The most general problem in which the region of non-uniformity can be

treated similar to case (a) occurs when we have X = 1, and hence




N

rgi - u (4 >0). By a linear transformation of the x-y-plane we can
‘he principal part of L2 equal to A at the origin. For G we take the
isc again, a generalization analogous to the remark in (a) being ob-

So we have the boundary value problem

(eL2 + réi - u)d = h, ®(cos ¢, sin ¢) = £(¢).
we conclude from the maximum principle,using a constant as barrier
on, (when u = 0 we have to take x(r//g) as defined in (9.22)), that

niformly bounded by a constant (by K, + sz(r//g)), As in the saddle-

1
case we now try to find a particular solution of the equation L]u =

lence

r
: -1-
u = r" [ h(p cos ¢, p sin ¢) p Udo

. . e 2
unds of integration are to be found such that it is C . Therefore we

. h, which is of class CA,

k+1

1 * 1 9 h
hGoy) = T gy ey, by T e
0<k+1<2 T 9% 9y

(0,0),

hat the remainder h* is of order G(rz) for r + 0 and we continue h

plane such that it is zero outside a fixed neighbourhood of G. In
to define a particular solution of L]u = h which is Cz in all of G
‘e to distinguish between different values of u.

f pu > 2 then

h kal .
¥ k1l - ~-1=
uz(x,y) o= ) e J h*(xt,yt)t dt
O<k+1<2 1
u < 2
k 1
hklx v 1 . “1-1
u, (x,y) ) it h™ (xt,yt)t dt.
O<k+1<2 0
k+1#y

2 . .
s way u, becomes a C"~function. When p equals one of the integers

© 2, (6b) 1s a solution of




z hklxkyl.
k+1=u

‘6c) L]u2 =h -
For the remainder of h we cannot find a particular solution (
:educed equation) which is C2 (it contains always a factor rulog r
7e have to go into the central region of nonuniformity for it. We
ocal coordinates (£,n) with £ = x/Ve, n = y//e and define p by p2

‘hence p = r/Ve). We now expand L€ formally into powers of e:

2 2
_ 9 3 ) 3
L := + + gag + ”an

D) —u+/_€-(....);
& an

'n the remainder the coefficients of the first derivatives are uni
younded by C and the coefficients of the second derivatives by Cp,

J is some positive constant, independent of £,n and e. By definiti

'9.22) we have

rence by (9.24-26) the function v, defined by

8) vG6Y) = <l hklxkylx(r//g)
satisfies
1
O(EZR_l(r//E)) if w=0or u
. k1
9) LEV = zk+1= hklx yo o+
0(ex(xr/Ve)) if wo=2

ind it is zero at 2JG.

It now remains to construct an approximation to the problem
L€$ =0, &(cos ¢, sin ¢) = £(6) := £(o) - u2(cos ¢, sin
fhe reduced equation

Llu = 0, u(cos ¢, sin ¢) = £(¢)




is solved by
‘10) u(r cos ¢, r sin ¢) = rug(¢).

.. 2 .
[f uw > 2 this is of class C~, hence LE(uO+u]) =h + (0(e). Since u, + u,
:quals f(¢) at the boundary we conclude using lemma 2.1 and ¢ times a con-

stant as barrier

HEOREM 5.1.
fu>2, £ 1s of class C2 and h of class C4, then the solution ® of (5)

s the uniform asymptotic approximation

“11) ® =u, + u, + 0(¢e) (e ¥+ 0).

2
It is remarkable that this first approximation for ® does not show
singular layers at all, though (2) has the appearance of a singular pertur-—
sation problem. The reason is that the factor r" in (10) smoothes out the
mgular dependence of the solution of the reduced equation on the boundary

lata. This effect is not restricted to the case u > 2; we have

"HEOREM 5. 2.
FO<u<2, fe¢ C2 and h € Cég then the solution & of (5) has the asymp—

jotie approximation

12) o(x,y) = u,(x,y) + u,(x,y) + /% h xkyllog(x2+y2) if u= 1lor 2\
1 2 \ k1l I
k+1l=u /
bu
0(e*") Zf u > 0, u * 1,2
tu . uniformly in G
+ <0(e®Moge) “f wu=1or2 } 7
|
kO(E) Z2f r =8 >0 and u > O.

2 the proof of the uniform estimate we regularize the approximation and

1
irove with aid of@lemma 2.1 and Ce?" as barrier function for some constant
s that this regularization is an approximation of ¢, cf. §4.9 and [6]. The

'stimate on the annulus 0 < § < r < 1 is proved in the same way as formula
2).




c. For an analysis of the structure of the nonuniformity in the center w
again take the local coordinate p = r/Ve; the reduced equation in these

ordinates 1is

,
1 5 3 1 2 d \
<§8ppap+“2—2+°8p Mjvos o
p

The asymptotic behaviour of its solution v has to be
'I‘U U~
vipsd) = e? o £($)(1 + 0(1)) (p > », €+ 0).

lence by separation of variables we find (cf. §9.d)

(13) v(p,9) = Su(g;p,¢) i= Z akfkp[klelk¢]Fl(%lkl-%u;lk|+l;—%p
k:—oo

2

vhere

2m s _ _1
o= J f(¢)e lk¢d¢ and akl = ¢ zlkllF](%!k]—%u; k| +1

f 2
2
k T 0
[n order to prove that Su + u, approximates the solution ¢ of (2) with a
>f the maximum principle, as usual, it remains to find a bound for

:(LZ-A)Su(%;r//E’¢) or equivalently for eDSu where D represents the oper

2 2 2
] I S 1 3 .
ors s 5% r—, 5139 and - 5 From (9.34) we have:
or RJo)
(14) era—z S (£31/V,8) < & /ER“'I(r//E) K| I
¢ 2 Sut? ? 3 RU(I/VC) o k

00

or

+

Nl

1 1]
s-% g2 URU_I(r//E)'max{f (¢) ] ¢ € [0,2m]}.

[t is easily seen that we have at worst the same estimate for the other

yperators too.

jow we can state the theorem:




THEOREM 5.3. If G Zs the unit disec,

L2 s a uniformly elliptic operator on G with C2 coefficients, which

equals A at (0,0),
o s the solution of the boundary value problem

(eL2 + xéi + yé% - u)o = h, ®(cos ¢, sin ¢) = £(¢),

where h € C4 and f € C2, and (o) := f(o) - u2(cos ¢, sin ¢),

then ¢ has the asymptotic approximation

(15) ®(r cos ¢, r sin ¢) = uz(r cos ¢, r sin ¢) +

+ v(r cos ¢, r sin ¢) + Su(f;r//ga¢)

(0¢e) ifus 1, u+2,
O(E%(T//E)) if u = 2,
+ < O(s?+§uRu_l(r//E)) Zf -1 < u < 1,
0(e?Roy (x/Ve)) ifu=1,
\0(8%(1+u-v)) forr 28>0 Zf-2<v<ypuc<l.

shere Ru as defined in (2.2) and x in (9.22).
{EMARK. For -2 < u < -1 no estimate is gotten of the absolute error in the

-egion of nonuniformity, while the relative error is still of order 0(Ve).

In order to prove this we use lemma 2.! when p 2 0 and lemma 2.2
>therwise. As barrier function we take C,e if py > 1, u + 2 and Coe +

- Czex(r/zz) if y = 2, with suitably chosen constants C, and Cos if

-2 <y < 1 we use the barrier function eC]wv,
’ 1 2 1
wv\r,s) = lF](~§\);l;—r /28)/1F1(—§V;1;-]/2E),
sith v ==11if py =1, v=p-11if -1 <y <1 and v ¢ (-2,u) if -2 <y < -1.

"his function satisfies, cf. (9.14c) and (9.33-34):

9 .
(er + T - u)wv = (v—p)wv <0 if v <y
1
- = 2
s(L2 A)Wv O0(e Wv)

0 < Ce%vRV(r//E) < W (x//7) < e%“Rv(r//E) if -2<v <o,




rere C is a positive constant, C < 1. The theorem then
f the estimates (6c), (9) and (14).

Here also the p-range in which we can prove the va
nation (15) is restricted to u > =23 -2 is the limit o
alue ul(s) of

16) (eL2 + xé- ®(cos ¢, sin ¢) =

0
3X+Y§§,)®_U®s

n order to calculate the spectrum of (16) we mention w
ne regular solution plel(%k-%u;k+1;—p2/2) of equation
ive zero's (1 € N) when -k-21-2 < u < -k-21, the large
o infinity if p increases to -k-21. So, there are func
with ukl(a) + —=k=21 if ¢ + 0) such that ]F](%k—%p;k+l;
kl(a), ke N v (0}, 1 ¢« N is in the spectrum of (16)
s spanned by

JHiko Kk 1e—1 et ] el
e r 1F](zk 2ukl(e),k+1, r /2¢e).
If the parameter X in L, = x-a + A 2 i t
P 1 % yay U is not equ

< A < 1) we cannot give detailed information on the s
ral nonuniformity. The best result we can attain now i

he theorems 5.1 and 5.2. So we have the problem on the

3 3 _
17) Lo =[el, + xg- + Ay,@ ule = h,

®(cos ¢, sin ¢) = £(¢), (f is 2m-period

here 0 < A < 1 and 0 < yu.

. A
The characteristics of L. are the curves alxl =B

24 u/)]

ow assume that h is of class C and define for n

,1 with k+A1 < min(2,u) the constants

1 ak+1h

[ R (O 0)_
] 1 9
b1 TR sy

he remainder h* in the Taylor-expansion of h,

43
consequence

of the approx-

largest eigen-

proof that

) has 1 posi-
which is sent
ukl(s)

= 0. Hence

ts eigenspace

one (assume
re of the cen-
analogue of

circle

B e R). We

tive integers




'18) h*(x,y) := h(x,y) - Z hklxky1 if x2 + y2

k+Al<min{2,u}

IN
—
.

. . 2 . . . . 2
s continued outside G by a C -function which is zero if x2 +y =2 2. A

yarticular solution of L]u = h is

k 1
'19) u, (x,5) 1= ) h, | oed— + Fy log(x2+ ]y |2ty

K1 Kerl= ) 2hy
k+A1l#p H k+A1l=u

k+A1l<min(u,2)
fé h*(xs,ysx)s_l—uds if u o< 2,

—fT h*(xs,ysx)s—]_uds if > 2.

. e e . 2 .
)y this definition we ensure that u, is C~ everywhere in G, except when

2
) < u < 2 and k+A1l = p for some pair(s) of integers (k,1); in that case u,
.s of Holderclass Cu—(S for every positive & (uniformly in G) and C2 in any
:losed part of G not containing the origin.

Since u, need not be zero at 3G, we correct for its contribution and take

§(¢) o= £(¢) - uz(cos ¢, sin ¢).

efine o and Ty to be the inverse functions of x — x(l—xz)-l/ZA for
2,-4 . .
e (-1,1) and of y = y(1-y) 2\ respectively and then define for t > 0O
mnd |x]| < ZtI/A
=1/
a _ N o, (xt )
20a) u (x,%t) := tU/A{l-O?(xt 1/A)} u/zxf(arccot ! ISV %+ %)
/f]—cl(xt ")}
A
md for t > 0 and ’yl < 2t
-A
=Ly~ o, (yt )
20b) ul(it,y) 1= tu{l—og(yt A)} 2M¥ (arctan 2 + %-1 g&,

M1-05(yt ™)}

there for arctan and arccot we take the principal value, which have ranges
- g—, %D and (0,7) respectively. Both expressions for u](x,y) satisfy

Uy = 0, ul(cos ¢, sin ¢) = E(cb)9 on their domains of definition and hence
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incide on the intersection, for the solution is uniquely determined along
. . e . . 2

characteristic by the initial value at the boundary. Since u, is C” at

. . 2 . . . . e s

s up 1is also C” in any closed part of G not containing the origin if

€ C2; in a neighbourhood of the origin u, is of HOlderclass CY if O <p <2

d C2 if w > 2 and u] is unbounded if u < 0 and of order 0(|xlu+[y|U/A). By
.;gularization of u, + u, (if p £ 2) and with aid of lemma 2.1 with barrier-
19— 1
mnction a constant times €, g2H 8 or 2" we obtain:
EOREM 5.4.
* ¢ 18 the solution of the boundary value problem on the unit disc
1) (el, + x> + Ay2 = we =h, o(cos ¢, sin ¢) = £(¢)
' 2 0% oy ’ ? ’
ere p > 0and 0 < X <1, L2 as in theorem 5.3, f ¢ C2 and h € C2+FU/XJ,
en © 18 approximated uniformly by u; +ou, when € + 0 and
0(e) Zf u > 2,
1
12) o(x,y) = ul(x,y)-fuz(x,y) + < 0 6) Zf k+21 = n<23k,1 e N v {0},
1
0(e?™) otherwise Zf 0 < u < 2.
. we stated in formula (2) for the special case A = | and p = 0, we can

rive a better estimate on the remainder of (22) outside a neighbourhood
" the origin; we will prove:

[EOREM 5.5,

‘th the same assumptions as theorem 6.4, except that u > -1-X, we have

e estimate

3) d(x,y) = u](x,y) + uz(x,y) + 0(e) <Zf x2 + y2 >8>0

ieh holds uniformly on every annulus 0 < § < x2 + y2 < 1, which does not

mtain the origin.

O0F. First we give a rough estimate of & on all of $ using a constant C,
i barrier function in lemma 2.1 if u > 0 and a constant c, times Vv(x,y,e)

" =1-X <y £ 0 in lemma 2.2. In here Vv is defined by
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v 1 1 2 1, 1 2
Vv(x,y,E) = € ]Fl(‘EV,E,“X /2E)IF1(“§V,53‘AY /2€)
and by (9.15a), (9.18a) and (9.20) it satisfies, if v > -1,

(eL2 + xg-

3 ’ 1
— = - - ( 2
% + Ayay u)VV (u v Av)VV + 0(e Vv)'

We conclude from this that ¢ is uniformly bounded by C, when ¢ > 0 and by

1
Czav when =1 < v < p/(1+)) < 0. When u > 0 we now prove the statement, using

. -2 . 2 2
lemma 2.1 and the barrier function Cler on the annular region 4e < x +y < 1,

When y < 0 we prove by lemma 2.2, that the remainder is bounded by the

-2/Xx

. . -2+v . 2 .
barrier function C2€x2 Y in the sub-domain x~ > 12¢ and by C eyv in the

2 2
subdomain y~ > 12e/A.

REMARKS.

1. Here also we have obtained the largest possible p-range, for the largest
eigenvalue of eLz + xgi + Aygé on G tends to =1 - A when € + 0. This can be
proved by comparison of this eigenvalue to the largest eigenvalues of

eh + xéi + %ysa on the squares |x| < 1, |y| <1 and |x| < V2, y < 1V/2.

2. For L] PR + (x+y)§§ - 1 we can prove the analogues of the theorems
5.4 and 5.5 if u > -1; we will not give the details in here.

6. AN UNSTABLE NODE

] 9
\ S = e -
We now take for L] : X \y§§

gularity while L2 remains uniformly elliptic of positive type. So we have

- U, which has an unstable nodal sin-

the problem

(1) (E:L2 + L1)® = h, ¢(cos ¢, sin ¢) = £(¢),
where L1 = ~x§£ - Aygg-u with O < A < 1 and pu > 0. The character of the

solution is now totally different from the former case. It is even expon-

entially small outside a neighbourhood of the boundary if h = 0, as is easily

seen using lemma 2.1 and the barrier function ¥,
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2 2
2) Wv(x,y) c=explv(x” + y~ -1)/e],
or we have, if v is a sufficiently small positive number,

Lewv <0 on all of the unit disc.

0 we may expect that the only nonuniformity in ¢ is an ordinary boundary
ayer along the unit circle.

The response to the right-hand-side in the reduced equation is

1
3) u,(x,y) = —J h(tx,t}\y)tu 1dt, u >0,
0

hich is easily seen to be of the same differentiability class as h is.

'his particular solution is not zero at the boundary, so we define
£(¢) = £(¢) - u,(cos ¢, sin ¢);

t now remains to approximate the solution of

~

L€® =0, @laG = f.

y the above considerations already we know that its outer expansion is
dentically zero. In order to calculate the boundary layer terms we take

ew coordinates (t,¢) such that

x = e Ccos ¢ and y = e_xtsin ¢, L1 = +é% - u and
32 a2 a2
L2= ql(t’¢)5;§ + 2u2(t,¢)5?3$ + a3(t,¢)5;§ + lower order terms,

there L2 is again elliptic with a, and Gq positive and G is transformed in

1
‘he halfplane t > 0 with periodic boundary condition. By substitution of
‘he local coordinate t := t/e and formal expansion into powers of e we find

ls lowest order part of Lew = 0 the ordinary differential equation
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2
dw , dw _
a, (0,0)— + peil
dt
with w(0,¢) = E(¢) and 1im w(t,¢) = 0 and its solution is
T+ .

w(t,¢) = £(¢) exP(-T/a1(0,¢))-
Let z(t) be a C”-function which is one for t < ! and zero for t > n

we can prove in the same way as [4] theorem VII and [6] theorem I:

THEOREM 6. 1.
The solution ¢ of the boundary value problem (1) has the uniform a tie

approximation for e + 0

2(x,y) = u,(x,y) + z(t(x,y))w(t(x,y)/e,arg(x,y)) + 0(e)

tf £,h and the coefficients of L2 are C3 and Zf u > 0.

REMARKS.

1. Higher order approximations can easily be made by iteration of ‘0-
cess if £ and h are more smooth than mentioned in theorem 6.1, cf.

2. When Ll = x§i4‘(x+y)§§ we get a result that is completely analo o
theorem 6.1.

3. The largest eigenvalue of €L2 + xéi + Ayé% tends to zero from b

vhen € tends to zero from above, hence the p-range of theorem 6.1

largest possible, cf. [16].

7. FOCAL POINTS

In this section we study the operator L] defined by

_ 3 a _ 9 3 _ ‘
L] := (vx Ay)ax + (vy+kx)3y W= ovre + A8¢ U
in which we can take without loss of generality v = %1 and ) > O, G

ind A = 1 (vortex), cf. §2.a. The characteristics of L] are spirals
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r = et, ¢ = At + ¢0) inward or outward directed or circles. The cases

» = %1 are completely analogous to the stable and unstable nodes and in the
tase v = 0 we will restrict ourselves to a purely characteristic boundary.
- is still a uniformly elliptic operator of positive type. We have the

oundary value problem

4)) (eL2 + Ll)® = h in the unit disc, and ®(cos ¢, sin ¢) = f(¢)

at its boundary, where f is 2m-periodic.

1. When v = 1, L1 has a stable focus and the nonuniformity of the solution

.s located at the origin. The solution of the reduced equation is
U : —1-u
1(r,9) = ruf(¢—xlog r) - T ( h(z cos(¢-\log z),z sin(¢—Alog z))C dc.
‘r
jompletely analogous to theorem 5.4 we have

'HEOREM 7.1. The solution of the boundary value problem
2) (ely + 2y g2 + (PR 2 - We = h, o(cos ¢, sin ¢) = £(8),

there X > 0, u > 0, L2 s untformly elliptic of positive type and f,h and
she coefficients of L2 are C2, has the uniform asymptotic approximation

for e + 0)

0(e) if u = 2,
®(r cos ¢, r sin ¢) = u(r,¢) + { |
02"y 4f0 <y < 2.
‘he analogue of theorem 5.5 is
'HEOREM 7.2. With the same conditions of theorem 7.1, except that u > -2,
he solution ¢ of (2) has the approximation (for e + 0)

3) ®(r cos ¢, r sin ¢) = u(r,p) + O(er_2+6), r2 > 8¢,

nwhich § = 0 2f u>0and -2 < § < u Zf u < 0.

'ROOF. For -2 < u < 0 a rough estimate of & is derived from lemma 2.2 with




f the barrier function
i 2
e?” F (-18,1,-r7/2¢), -2 <8<y c<o0.

1
. 38, . . . . .
¢ is of order 0(e?") if =2 < § < py < 0. With aid of the barrier functior
on the subdomain 8e < r2 < 1 we then derive formula (3) in case

< 0. When u > 0, we use er as barrier functionon the same subdomain. []

K. Here also the largest eigenvalue of eLZ + (x—ky)gi + (y—xx)gi tends
from below when € + 0; when L2 = A the largest eigenvalue and the

functions are equal to those of €A + réa, cf. (5.16).

Analogous to equation (5.1) the boundary value problem
(er + r-é + Ana - u)o =0, &(cos ¢, sin ¢) = £(¢)
or 90 ? ’
e solved exactly in terms of an infinite sum of confluent hypergeo-
c functions multiplied by the Fourier-coefficients of f. As in §5.c
sum can be used to obtain a better approximation (near the origin) of
dlution of (1) and to derive a theorem which is essentially the same

aorem 5.3.

an v = -1, L1 has an unstable focus. By the barrier function W_, defined

69
.2) we can estimate the solution of (eL2 + L])® = 0, when § 1s chcsen
ciently small; we conclude from this estimate that only an ordinary
ary layer occurs.

The solution of the reduced equation is
T

-— B} _1
"on(e cos(¢+rlog ©),c sin(é=Alog £)z" dr,
‘0

i(r cos ¢, r sin ¢) = r

is as much times differentiable as h is. In order to calculate the

iry layer terms we take new coordinates (t,¢) such that

X = e_tcos(kt+¢), y = e_t(sin AE+) , L1 = 5% - u  and
N 2 2 )2
L2= al(t,¢)ézé + 2a2(t,¢)523$-+ a3(t,¢)g;§ + lower order terms,
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here L2 again is elliptic with a, and aq positive. G is transformed to

1
he halfplane t > 0. Taking the local coordinate T := et and expanding into

owers of ¢ we find for the lowest order part of the equation Lew = 0:

~ dzw V
a](0,¢)——§-+ q7 T MW= 0
dt

ith boundary conditions

w(0,9) = £(¢) and lim w(t,9) = O.

T—>

efining v(¢) := 3 + %/(1+4ugl(0,¢)), we find the solution

w(t,9) = £(¢)exp(-18(4)).
1 the same way as theorem 6.1 we prove:

HEOREM 7.3. The solution of the elliptic boundary value problem

] )
5) (€L2 = (X+AY)§; - (Y—AX)5§ - woé = h, d(cos ¢, sin ¢) = £(¢),

here f,h and the coefficients of L2 are C3, L2 s of positive type and

> 0 has the uniform asymptotic approximation (for e ¥ 0)
5) ¢(x,y) = u(x,y) + z(t(x,y))w(t(x,y)/e,arg(x,y)) + 0(e),

ere arg(x,y) is the argument of (x,y) and z is a C —function, z(t)
Ft<iand z(t) =07ZFf t > 1.

i
—

IMARK. The largest eigenvalue of ELZ - (x+Ay)§i - (y-Ax)si tends to zero,
y

1en € ¥+ 0.

. When v = 0, L] has a vortex point at the origin and the characteristics
e neither converging to it nor diverging from it; furthermore the problem

»w has a so-called characteristic boundary. From the barrier function




32
~ 2 2
WS(x,y) = exp{8(x" + y° - 1)//e}

which satisfies for sufficiently small positive & in all of the unit disc G

LW, <0 while W, > 0,
we see that the solution of (sL2 + L1)® = 0 with u > 0 is exponentially
small in the interior of G and that a boundary layer is located along the
boundary, whose width is at most of order 0(Ve).
A particular solution of the reduced equation of (1), Llu = h, which
is regular at the origin, is
2m

u(x,y) = (l-exp2my) ( h(x cos Yy +y sin y,-x sin U +y cos Y)e
0

uwdw

Since Leu = h + 0(e) uniformly in G it remains to approximate the solution

of
LE® = 0, ®(cos ¢, sin ¢) = f(¢) := f(¢) - u(cos ¢, sin ¢),

which is already known to be asymptotically equal to zero (for ¢ + 0) out-
side a thin layer along the boundary. Substituting polar coordinates (r,d),
stretching the r-variable near the boundary by r = l-pve and expanding LE,

expressed in local coordinates, into powers of €, we get

2
) )
L= My + VeM* =y(¢;;—2 —g et VeM®,

In M* are collected all terms whose coefficients are of order 0(/e) at

least; y(¢) is defined by

vy(¢) := a(cos ¢, sin ¢)cos2¢ + 2b(cos ¢, sin ¢)cos ¢ sin ¢ +

+ c(cos ¢, sin ¢)sin2¢;

lue to the ellipticity of L29 Yy is strictly positive. So we have got in

lowest order the parabolic boundary value problem




Hov = 0, v(0,6) = E(0), 1limv(p,0) =0 and v(p,8) = v(p,¢

p——>00

)y Fourier-sine transform (cf. [11]: XIII 5.32)

{oe]

(SV)(€,¢) = W(E,CP) = f V(p,(b)Siﬂ p& dp,
0

. . . . 2 .
thich is self-inverse, i.e. S°v = imy, we get the equation

%% s Sy (@)W = ey (OF(B)  with  w(E,e+2m) = w(E,0),

shich is solved by

¢+27r~ 2 (T
f(t)y(t)explup-ut-¢ f y(o

w(E,0) = €(l-exp{-2ﬂ(u+p€2)})_1[
0

¢

2m
there p := E%-( v(¢)de. By two partial integrations we find that
‘0

P(E,0) = EF (@)Y rER (N = w(E,8)

~ ~

Ls such that %, %% and and all their £-derivatives are bounded by a

aw
. 2 a¢2_2 ~ 2~ 2 .
ronstant times E£(u+&£ y(9)) ~. Hence v := ?-Sw is C° at least and it decr

:ogether with its first and second derivatives faster to zero than every
itive power of p (for p » »). From ([10] ch XI) at last we find

v(p,) = E(@)expl-o/u/v (B} + v ,4)
ind from the considerations above it is clear that it satisfies

M = 0(1) uniformly in o and ¢.

3y lemma 2.1, using a constant times Ve as a barrier function, we find
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"HEOREM 7.4. The solution ¢ of the elliptic boundary value problem

(s:L2 + xa% - 'a%( =)o =h, &(cos ¢, sin ¢) = £(¢),

shere u > 0, L2 elliptic and of positive type and f,h and the coefficients

f L2 are of class CZ, has the uniform asymptotic approximation for e + 0

®(r cos ¢, r sin ¢) = u(r cos ¢, r sin ¢) + v((l—r)//g,¢)z(r) +

+ 0(Ve),

n which z 18 a Cw—function, z(t) = 0<Zf t < %—and z(t) = 1 Z2f t = %u

By inspection of the eigenfunctions of the operator A on the unit
r:ircle with Dirichlet-boundary-conditions, namely Jk(r\)kj)eikqb with k € Z,
[k the Besselfunction of order k and ij the j?;h poijtive zero ;f Jk(v),
7e see that these a;e eigenfunctions of €A + x§§ - Yy (= e + §$) too with
rvigenvalues ik + Evkj' Since the set of eigenfunctions of A is complete we

lid find all eigenvaiues of €A + In the limit ¢ + O the spectrum fills

3
9¢°
111 of the halflines {u+ik | keZ, pelR, u20} indicating that in theorem 7.4

7e cannot go below p = 0.

}. CONCLUSIONS

The analysis of degenerations of second order elliptic boundary value
yroblems to first order with critical points can be continued in two ways.
le can deal with the more complex situation, where the domain contains sev-—
sral (simple and isolated) critical points, and we can try to enlarge the

i-range.

L. When the bounded domain G c IR2 contains several simple and isolated
:ritical points of Ll 1= p(x,y)gi + q(x,y)é% - u with u > 0, we first make
L picture of the characteristics of L] and their direction. At a point P,
thich is on a characteristic that enters G somewhere at the boundary and
‘hat does not pass through a critical point before hitting P, the outer ex-—

>ansion approximates the solution ¢ of

D EL2® + L]® = h, QIBG prescribed,
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> to 0(e). In order to prove this we restrict ourselves to a subdomain
¢ G which contains an open neighbourhood of the part of the characteris—
ic through P between the point of entrance and P. Furthermore we assume
iat 3G n 3G is connected, that all characteristics in G* enter through

-~

7N BG*, leave through 3G*\9G and are nowhere tangent to 5G™ and that

3" n 3G and 3G™\3G are smooth arcs. By lemma 2.1 with a constant as bar-
ierfunction we conclude that ¢ is bounded at 3G. Hence we can immediately
»ply [4] theorem VII to the restriction of (1) to G*, proving the state-
ant.

A more detailed description of the approximation can be given in some
1ses by combination of the results obtained before; in other cases addi-
ional difficulties come in, such that a detailed analysis of the internal
nuniformities remains as yet impossible. We will elucidate this by an ex-
ple.

Let L1 be the first order operator L1 := sx(x—])gi + sy§§ - 1 with
= *1 and let G be a domain containing (0,0) and (1,0) in its interior,
ich that 3G is nowhere tangent to the characteristics of Ll' We consider

1e boundary value problem
2) (er + Ll)® = h, ® prescribed at 3G, ¢ > 0.

| has a saddle-point at (0,0) and a node at (1,0). This node is attracting

s =+1 and repulsive if s = -1. Now we divide G into two parts by a

irve (a](y),y) with 0 < a](y) < 1, which is nowhere tangent to the charac-

:ristics of L1 and such that the restriction of L] to the part G1 of G

2aft of this curve can be linearized (in the sense of §2.a). A second curve

xz(y),y) with 0 < az(y) < al(y), which is nowhere tangent to the character-
stics of L
ad G2.

When s = -1, we can put an arbitrary boundary condition for ¢ at

1’ divides G into two parts, the right-hand part of which is cal-

xz(y),y) and apply theorem 6.1 to the restriction of (2) to Gz; this re-
1lts in the approximation ¢(x,y) = A(x,y,e) + O0(e) in GZ' At the curve
x](y),y) we now put the boundary condition ¢(x,y) = A(x,y,e) and apply
jeorem 4.1 to the restriction of (2) to Gl' In this way we find a uniform

proximation to the solution ¢ of (2) on all of G if s = -1,




When s = +1, the direction of the characteristics is inverted, hence
7e start with the restriction of (1) to G], putting an arbitrary boundary
rondition on ¢ at (a](y),y). By theorem 3.1 we get a uniform approximation
3(x,y,€) to © up to O(e). At the curve (az(y),y) we now get the boundary
rondition ¢(x,y) = B(x,y,c). To the restriction of (2) to GZ however we
:annot apply theorem 5.3 since the boundary condition near (az(O),O) pos-—
sibly has a derivative of order O(é). A uniform approximation of order 0(e)
:an be obtained only in a subdomain of G, which does not contain a neigh-
vourhood of the node.

As we showed in this example the construction of an approximation to
‘he solution of the boundary value problem with several critical points is
lone in general by reduction of the problem to a number of problems on over-
.apping subdomains, which have to be solved in a definite order, prescribed

v the direction of the characteristics.

. When the parameter u is below the bound, imposed by the spectrum, we
lo not know how to prove the validity of some formal process of construc-—
ion of an approximation. The problems in here are quite analogous to those
let in the papers [14] and [15] (among others) in which the analogous
oundary value problems for singular ordinary differential equations with
urning-point behaviour are analyzed.

In the stable nodal case for instance Su(f;r//g,¢), cf. (5.13), is the

xact solution of

3) (eA + r-g

5 uo = 0, d(cos ¢, sin ¢) = £(¢),

f u is not in the spectrum of eA + ré%. When we expand this for u > -3

nd u fixed we get for sufficiently small e

ruf(¢)(1 + O(er-z)) if u > -3 and u # -2,
s (£31/Ve,0) = { 5 5 )
M r T(E()=E) (1 + OCexr ) + £pexp((1-r7)/2¢)
if uw = -2,

here fO is the mean of f. The reason is that the asymptotic behaviour of

Fl(a;y;—lsi) for s » » is discontinuous in a and y at « —= v = 0,1,2, etc.,




f. (9.13) and (9.29). In
n the sum S_2 (cf. 5.13)
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](e) of eA + réz; SUI(E)
is not zero. The same p

f the eigenvalues, cf. [
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4) (ed - £ - 1)
or

2
s ¢ = exp((r -1)/€)Su+2(

or sufficiently small ¢

o(r cos ¢, r s

In this case too thi
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d that the term with index zero
2)/23), which is exponentially
behaviour of Su at u = -2 has
limit of the largest eigenvalue
r any € > 0 if the mean value of

t all limit points (for e + 0)

analogue. The solution of
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asymptotic behaviour near u = 0

r2-1)/2¢) + 0(e) if u # 0,
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ey0
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in the p~e plane, which does not cross an eigenvalue o
tion @(f;x,y;u*(s),e) does exist for all f «¢ CO(G) and
positive €. In the limit for ¢ + O however it has to r
viour also the nonexistence occuring on the neighbouri

is not in the restricted class.

7. APPENDIX

a. The asymptotic behaviour of y and its derivatives a

integral representation

1/V/e (t
L2 2
{ exp 3(s —-t7)dsdt.

(1 P(g) := f

13 0

[t is easily seen to be the solution of
(2) y'+ gyt = -1 & y(£1//e) = 0.

S5ince ¢ is symmetric all formulae are stated for posit
The derivative is

ré

(3) vi(e) = J exp %(sz-iz)ds

0

and for large argument this gives with aid of partial

-l 2 g’ 1 2 -1 2
VI(E) = e 78 [ ezs ds + 0(e 28 )
1
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ntegration o
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nd, since y(

5) ¥ (
ubstitution
q)l

ince -t& + 1

n the same w
| v
his results

6) |y
7) K

or higher or

8) |y

tegration (cf. DE BRUIJN

_ § (2n)! —2n-1.

€
n=0 2"n!
gives

log & + constant + O(£_2

0 we conclude

Il

-log ]x| + 0(55), (
x
t in (3) gives

& 2
f exp(3t -tg)dt.
0

1t for 0 < t < £ we get

€
g) < [ exp(-3tg)dt =
0

MmN

(

get
< exp(—%iz) + 25-2(1—exp
estimates

<2ER_, ()

SZR_Z(i) f for all ¢ ¢

rivatives we obtain anal

<K_R__(E).
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(8 > =),

-1£%)).
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1 the
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Integration of (6) gives

1/Ve

‘ dt

(9) lw(i)l < 2[ tdt + ZJ =1 - log €3

0 1

in view of (5) this is only of value for small &.

. + - . . . .
>. The functions Fa and Fa are defined as the symmetric and antisymmetric

solutions of the equation

( " v = v__gX
(10) y'+ty' —ay =0 (y' =3
7ith the asymptotic behaviour

y(t) ~ t2 for t » + «,

jubstitution s = —%tz in (10) results in the confluent hypergeometric
:quation

1) s + (J=s)y + 2y =0 v =3,

: z 2 ’ ds

ndependent solutions of it are ]Fl(-%a;%;s) and /glF](—§a+%,3/2,s). Here
F] denotes the confluent hypergeometric or Kummer's function, cf. [10] ch.

'T. For vy > a > 0 it has the integral representation

12) F (ot' 's) =__...__£.(_Y..2___. : (I_O)Y_OL—IOOL—] sod
A O DN e do

nd for large negative values of the argument it has the asymptotic beha-

‘iour
— ' — -— -— ._.1
13) IFI(a;Y;-ISI) = {?%é%%y |s] R elﬂ(a ¥) ?gl; e !Sl!sla Yy (1+0(s ))s

ts second term is important only when y - a = 0,-1,-2, etc.
From the integral representation (12) we easily derive some estimates

n IFI' If a > 0, y=a 2 1 and s = 0, we have
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1 e
0 < [ (1-0)Y a—lou 1e %0 < { o le S% 6 = I'(o)s @
0 0

nd if o« > 0, 0 < y=a < 1 and s =2 0, then
! -a;l a-1 -so
0 < (y-a) f (1-0) Y "% 6% e ™%%0 =
0
! -a a=1 -so ! -0 0 —SO -
Yf (1-0)Y o] e do - sf (1-0)Y e %% < Yyr(a)s —,
0 0

lence we have for a > 0, y-a > 0 and s 2 0O
14a) 0 < 1Fl(oc,y,—s) < F(Y+1)S_a/T(Y‘a+1)-

We can extend this inequality to the case a < 0, y-a > 0 and y # 0,-1,

2, etc.; take n := [1-a], then we have for s > 0

l(d/ds)n]Fl(a,Y,-S)| l(a)anl(a+n,Y+n,-s)/(Y)nl <

A

(v+n) (@) T (y)s " "/T(y=a+1)

nd integrating this n times, using Fl(a,y,O) = 1, we find a constant C,

1
epending on y and o, such that
14b) llFi(a,y,—s)l < C(1+s_a) for s 2 0, a £ 0, y-o > 0 and

y # 0,-1,-2, etc.
If 0 < y=a £ 2 and a > 0 we have for s 2 0
! -a-1 o-1 -so w o-1 -s -a
f (1—0)Y o e % g > f (1-0)o e °0 > T'(a)s (1-a/s);

0 0
iince the first integral is decreasing in s it is also larger than
'(a)(1+a)_1—a for 0 < s <€ 1+a. So we have for o > 0, 0 < y=a < 2 and s 2 0

1-

The) JFra,y,=s) > (T(¥)/T(y=o)) *min{ (1+a) ™ %,s7"/(1+a) }.
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This inequality can be extended to every combination of o and Y satisfying
Yy > @ > 0. For negative values of o we can use the same device as used for

(14b) provided vy > O:

d -a -
on) o = . o — >
To 1F1(0v578) = Fiavliyels=s) = —=¢ R (s)
and by integration we get
(144) F.(a,y,~s) 2 C R (s) for every s 2 0, vy > 0 and a < v,
171 Oy —O

where Cq Y are positive constants depending on o and .
3

When o and y are positive and 0 < s < y/a, the power series expansion

© (@)
Fiar,m) = [ o o)k,

1
k=0 (Y)kk'
is the sum of an alternating and absolutely decreasing series, hence
(l4e) 1 = as/y < ]Fl(a,y,—s) <1if y >0, a >0 and 0 < s < v/a.

‘rom (13) we see

(15a) F;(t) = ZEaW_EF(%a+%) F (—%a;%;—%tz), (if a # -1,-3,~5,etc),

1
N
Nl

{15b) Fa(t)

7ith the required asymptotic behaviour

- - - -2
'16) F;(t) = |e]®1 + 0 %)) and F(t) = t|e]? Ta+ 0™y,
. . - + + -+ -
‘n particular we have Fo(t) = erf(t/v2) and FO = 1; FO’ Fl’ Fy, F3 etc. are

olynomials of degree 0,1,2, etc.
By differentiation of (10) we find that (F:)' satisfy y" + ty' +
- (a=1)y = 0 and by (16) and a symmetry argument we find
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For 0 <r <1 and ¢ + 0 it has the asymptotic behaviour

2
(23) x(r/Ve) = -log r + O(% exp-—%g) = ~-log r + o(e™r 2n—l)

for all n ¢ W,

as is easily seen from the last integral of (22). From the first integral
in (22) follows
1

-ilog € + [ (l—exp-%tz)QE-S
0 t

1 - llog ¢ (0 <z < 1/Ve).

IA

(24) 0 < x(z) < x(0)

IN

[ts derivatives satisfy

1 2
(25) x'(2) = - (l-exp-c”) < TR_,(2),
, " 2 -2 2
(26) Xx'"(z) = exp(-57) - ¢ "(l-exp-g~) < R_,(@).
1. The equation
, . -1 2 =2
(27) y'+ (t+cC Dy' - (k'z T+ wy =0,
irising from (A + r-g - u)® = 0 by separation of variables, is transformed

or
in the confluent hypergeometric equation

tw'" + (k+1-t)w' - j(k-w)w = 0, (k = 0),

. . k 2 . .
by substitution y(z) = g w(-3z"7). There is only one solution, regular at

:he origin,

, k 2
(28) v, (2) = ¢ IF](%k-%u;k+l;—%c )

ind it has the asymptotic behaviour (cf. 13) for ¢ + =

lk—lu . lk+1u 2
. 225 25! u im(k+p) 2272 -2-u -1 2 -2
29) yk(C) = {?TQE?EEITT zm - e? m( u)?zgﬂjgay z He 2t F(1+0(k ¢

)) s
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econd term is important only when pu = -2,-4, etc.
w we derive a number of inequalities on Yie and its derivatives. With-
‘ther notice we will use in the sequel the positivity of 1F](a;y;—x)
0, vy > 0 and o < vy as proved in (l4c-d). We assume also k = 0,
u > —-1. From (l4e) we fin& for 0 <z <1 and k 2
k-y .EE)

k k . 3
c 2 Yk(C) >z (1 - e and especially Z-S yk(]) < 1.

. derivative we have, using well-known relations (cf. [10] ch. 6.2).

k-1 2 k+1 k- 2
v (2) = koo | F Gk-gusk+15-307) = 32 EI% (FqGk-gutlsk+25-327) =
k-1 1701 1,2 1.1 1,2
=z {UIF](zk'EU;k+1;‘§C ) + (k_U)lFl(Ek_§U+l;k+];"§€ ).
rom (31a)
-1 .
v (@) skt 'y (@) if k> w
m (31b)
_l 3
(@ 2wz 'y (@) if k> |l
- u v, (2)
z/a)" satisfies u' = uz ]u and (§)|C=l = §§T57l ,
=1
lude from (32b)
v, (2)
0<X < &Y if 0<c<aandk> |ul.
CY a

e (30), (32) and (33) result in

< kcu_la_u, if 1 <¢ <aand k > |y,
v, (@) ky (©)

yk(a) : Cyk(a)

Cyk(l) vk(a) 3

if0<z<1¢<aandk> |ul.
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For the function z, defined by (cf. 31a)

1, k+2 k-u

2
Z(C) o= Cyf{(C)“k}’k(C = =3 m IFI(%R-%LH'ISk-*-zD_%C )’

we can do the analogue of (31) and (32), resulting in
-1 -1 .
(k+2)z z(z) < z'(g) < ug z(g), if k > |ul,

and we get from this as in (34a)

p@ Ky @ wlR @

R O L - R €

When p > 0 and k ¢ [0O,u] we estimate yk(a) and its derivatives from above
with aid of (14b) and yk(a) from below for sufficiently large a with aid
of (l4c-d). Hence also in this case we can find constants C. such that at

k
least for sufficiently large values of a and k ¢ [0,u] we also have

¥, (2) . ¥y () -
(34c) f;;?;?' < Cka RU(C), ’;;TET} < Cka Ru_l(c) and
Cy"k(c) -
W = Cka RU_] ((:)
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